In this paper, the authors generate the Stirling numbers of third kind to find formula for the sum of several types of product of polynomials and polynomial factorials using inverse of the generalized difference operator of n th kind in the field of numerical analysis. Suitable examples are provided to illustrate the main results.
Introduction
The Stirling numbers of first kind is defined as the number of permutations of n symbols which have exactly m cycles is denoted by s m n and the Stirling numbers of second kind is defined as the number of ways of partitioning a set of n elements into m non-empty subsets which is denoted by S m n [1] . Also they were applied to polynomials and polynomial factorials for finding the formula for sum of several types of series using inverse of the difference operator ∆ −1 in the field of Numerical Analysis.The stirling numbers of third kind which we introduce here will be used to convert polynomial factorials with respect to one shift value a to another shift value b .
The difference operator used on theory of difference equations is defined as ∆u(k) = u(k + 1) − u(k), k ∈ N = {0, 1, 2 · · · }
Even though many authors [2] have suggested the definition of ∆ as
but no significant progress took place on this line [8, 9] . In [4] , Manuel, et .al, considered the definition of ∆ as given in (2) and established some interesting results in number theory. For convenience, they labelled the operator ∆ defined by (2) as ∆ , and named it as the generalized difference operator. Also by defining its inverse, they obtained many interesting results in number theory. Recently, Manuel, et.al, [5, 6] extended the definition of the generalized difference operator of first kind ∆ to the generalized difference operator of n th kind ∆ L , where L = { 1 , 2 , · · · , n } and obtained the generalized version of Lebnitz, Binomial, Montemorte's theorem and Newtons formula according to the generalized difference operator of n th kind and formula for sum of general partial sums of various type of arithmetic progressions using Stirling numbers of first kind and second kind.
Hence, in this paper, we create the generalized Stirling numbers of third kind for finding the formula for sum of several types of partial sums of product of polynomials, sum of different types of partial sums of product of polynomial factorials and sum of various types of product of polynomials and polynomial factorials using the inverse of generalized difference operator of n th kind. Throughout this paper,we make use of the following notations:
r(J), which is the power set of J (ix) r(J) denotes the set of all subsets of size r from the set J .
Preliminaries
In this section, we present some basic definitions and preliminary results which will be useful for further subsequent discussions.
Definition 2.1 [5] The generalized difference operator of the n th kind for the function u(k) on [0, ∞), denoted by ∆ L , is defined by
Definition 2.2 [5] The inverse of the generalized difference operator of the n th kind denoted by ∆ −1
where c ij 's are constants for all k ∈ N (j). 
first kind binomial coefficients for the polynomial
where n! = n (n) and m (t) t! = 0 for all t > m and for all t < 0.
Lemma 2.6 [3]
Let q 0 = n 1 , r 1 = r 1 1 and r t = 0 for all t ∈ N (2). Then
where Ψ(r t , t 1 ) =
.
The product of polynomials and polynomial factorials can be expressed as
Formation of Stirling Numbers of Third Kind
To convert the generalized polynomial factorial with respect to the shift a to b , we introduce the stirling numbers of third kind.
Step 1: Write the Stirling numbers of first and second kinds respectively as in the following matrices.
[
Step 2: Express the product of two matrices [s] n and [S] n as mentioned below.
Step 3: The above n × n matrix can be converted in to a n × n 2 +n 2 matrix by removing all + signs as in the following form.
[sS] n×
Step 4: From the above matrix, removing the zero's and substituting the values of s 
where S n,t r is the Stirling numbers of third kind.
Applications of Generalized Difference Operator of n th

Kind
In this section, we establish the sum of general partial sums of products of polynomials and polynomial factorials using the inverse of generalized difference operator of n th kind and Stirling numbers of third kind. Proof. From (5), we have
on both sides in the above expression, we get 
Proceeding in this way, we get the proof.
where Ψ(r t , t 1 ) is given in (10).
Proof. The proof follows by substituting u(k) =
The following example illustrates Theorem 4.2. (k−r 4 4 −r 1 1 +a 1 1 ) n 1 (k−r 4 4 −r 1 1 +a 2 1 ) n 2 (k−r 4 4 −r 1 1 +a 3 1 )
In particular, when k = 15, 1 = 2, 4 = 3, n 1 = 4, n 2 = 5, n 3 = 6, a 1 = 7, a 2 = 8 and a 3 = 9, we find
where Ψ 1 (R a , N ) is given in (11).
Proof. The proof follows by taking (k − r 2 2 − r 1 1 + a 1 1 )
In particular, by taking k = 41, 1 = 4, 2 = 5, P 1 = 6, P 2 = 7, a 1 = 8, a 2 = 9 in (19), we find [
4 (77 − 5r 2 − 4r 1 )
where
Proof. (k−r 3 3 −r 2 2 −r 1 1 +a 1 1 ) n 1 (k−r 3 3 −r 2 2 −r 1 1 +a 2 1 ) 
In particular, when k = 21, 1 = 1, 2 = 2, 3 = 3, n 1 = 4, P 1 = 5, a 1 = 6, a 2 = 7 in (21), we find (27 − 3r 3 − 2r 2 − r 1 ) 4 (28 − 3r 3 − 2r 2 − r 1 ) 
